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ON A GENERALIZED BATYREV’S CONE CONJECTURE
SUNG RAK CHOI AND YOSHINORI GONGYO
Abstract. We discuss some variants of cone theorem for movable curves in any codimensions.
1. Introduction
One of the fundamental results behind the development of the minimal model program (MMP)
is the following celebrated theorem.
Theorem 1.1 (Cone Theorem, [KM, Theorem 3.5]). Let X be a Q-factorial normal projective
variety and (X,∆) be a klt pair. Then there exists a countable set I of (KX + ∆)-negative
extremal rays of NE(X) such that
NE(X) = NE(X)KX+∆≥0 +
∑
Ri∈I
Ri
and for any ample divisor H, there exists a finite subset JH ⊆ I such that
NE(X) = NE(X)KX+∆+H≥0 +
∑
Ri∈JH
Ri.
For any ample divisor H, each extremal ray Ri ∈ JH is spanned by a rational curve Ci on X,
i.e., Ri = R≥0[Ci].
This describes the structure of the Mori cone NE(X). Roughly speaking, by contracting each
(KX+∆)-negative extremal ray Ri ∈ I, we proceed to find another birationally equivalent variety
X ′ which is closer to a minimal model of (X,∆). In this sense, the Cone Theorem basically
tells us how to run the minimal model program. In a similar manner, although partially, the
following gives a description of the movable cone NM(X), the closure of the cone spanned by
movable curves on X. We will use the notation
NM(X,∆) := NE(X)KX+∆≥0 +NM(X).
Theorem 1.2 (cf.[Bat],[A],[L]). Let X be a Q-factorial normal projective variety and (X,∆)
be a klt pair. Then there exists a countable set I ′ of (KX + ∆)-negative extremal rays Ri of
NM(X,∆) such that
NM(X,∆) = NE(X)KX+∆≥0 +
∑
Ri∈I′
Ri
and for any ample divisor H, there exists a finite subset J ′H ⊆ I
′ such that
NM(X,∆+H) = NE(X)KX+∆+H≥0 +
∑
Ri∈J
′
H
Ri.
For any ample divisor H, each extremal ray Ri ∈ J
′
H is spanned by a movable curve Ci on X,
i.e., Ri = R≥0[Ci].
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Note that the curves Ci in Theorem 1.2 are not guaranteed to be rational curves as is the
case in Theorem 1.1. Nonetheless, each ray Ri ∈ J
′
H is associated to an extremal ray of the
Mori cone NE(X ′) of some birational model X ′ of X. By the Cone Theorem, such extremal ray
is spanned by a rational curve on X ′ and it gives rise to a Mori fibre space.
Our goal in this paper is to treat the above two results in a fixed framework and obtain a
common generalization for both results simultaneously.
Let X be a Q-factorial normal projective variety of dimension d and l be an integer such that
0 ≤ l ≤ d− 1. A curve C on X is said to be movable in codimension l if it belongs to a family
of curves moving in a subvariety of codimension ≤ l in X. We denote by NM
l
(X) the closure
of the cone in N1(X) spanned by the classes of curves on X that are movable in codimension
l. Note that if ϕ : X 99K X ′ is a small Q-factorial modification, then N1(X) ∼= N1(X ′). Hence
their dual spaces are also isomorphic: N1(X) ∼= N1(X
′). Through this isomorphism, any curve
C on X ′ defines a class in N1(X) although it is unclear whether such a class in N1(X) can
be represented by a curve on X. For a birational map ϕ : X 99K X ′ as above, we denote by
NM
l
(X,X ′) ⊆ N1(X) the image of the closed convex cone in N1(X
′) generated by the curves
movable in some birational images of the subvarieties in X of codimension ≤ l. We also denote
by bNM
l
(X) the closure of the cone in N1(X) spanned by all the classes in NM
l
(X,X ′), that is,
bNM
l
(X) =
∑
ϕ:X99KX′
NM
l
(X,X ′)
where the summation is taken over all the small Q-factorial modifications ϕ : X 99K X ′. Note
that the cone bNM
d−1
(X) coincides with the Mori cone NE(X) since NM
l
(X,X ′) ⊆ Ampl(X)
∨
holds for any l and Amp1(X)
∨ = NE(X) by Kleiman. The equality bNM
0
(X) = NM
0
(X)
follows from [BDPP].
Let (X,∆) be a pair with some effective R-divisor ∆ on X. The following cone is of our most
interest in this paper: for an integer l such that 0 ≤ l ≤ d− 1,
NE
l
(X,∆) := NE(X)KX+∆≥0 + bNM
l
(X).
Note that the inclusion NE
l
(X,∆) ⊆ NE(X) holds in general and it is an equality when l = d−1.
For any divisor H, we denote by Σl(X,∆)KX+∆+H<0 the set of (KX+∆+H)-negative extremal
rays of the cone NE
l
(X,∆). The rays in Σl(X,∆) are called the l-th coextremal rays of (X,∆).
By definition, (d− 1)-th coextremal rays of (X,∆) are the (KX +∆)-negative extremal rays of
NE(X).
The following is our main result in this paper. The cases where l = d−1 and l = 0 correspond
to the Cone Theorem (Theorem 1.1) and Theorem 1.2, respectively.
Theorem 1.3. Let X be a Q-factorial normal projective variety of dimension d and (X,∆) be
a klt pair. Then the following hold for each integer l such that 0 ≤ l ≤ d− 1:
(1) The set Σl(X,∆) of l-th coextremal rays of (X,∆) is countable and we have
NE
l
(X,∆) = NE(X)KX+∆≥0 +
∑
Ri∈Σl(X,∆)
Ri.
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KX +∆ = 0
KX +∆+H = 0
KX +∆ < 0
NE(X)
bNM
l
(X)
KX +∆ = 0
KX +∆+H = 0
KX +∆+H < 0
NE(X)
bNM
l
(X)
Figure 1.
(2) For any ample divisor H, the set Σl(X,∆+H) of l-th coextremal rays of (X,∆+H) is
a finite subset of Σl(X,∆) and we have
NE
l
(X,∆+H) = NE(X)KX+∆+H≥0 +
∑
Ri∈Σl(X,∆+H)
Ri.
(3) Furthermore, each ray Ri ∈ Σ
l(X,∆ + H) for any ample divisor H is spanned by the
numerical pull-back of a rational curve Ci on some birational model X
′ of X.
See Section 2 for the definition of numerical pull-back of curves. The statements (1) and (2)
of Theorem 1.3 imply that the rays Ri ∈ Σ
l(X,∆) can accumulate only toward the hyperplanes
supporting simultaneously both cones NE(X)KX+∆≥0 and bNM
l
(X) and the rays Ri are discrete
away from these hyperplanes. See Figure 1.
Due to the complication, we briefly outline here the strategy of the proof of our main result,
Theorem 1.3. The detailed proof is given in Section 4. As in Theorem 1.3, let X be a Q-factorial
normal projective variety and (X,∆) be a klt pair.
STEP1: Let H be any ample divisor on X. In Proposition 4.1, we first prove that the set
Σl(X,∆ +H) of l-th coextremal rays of (X,∆ +H) is finite. This immediately implies (2) of
Theorem 1.3. In the proof of Proposition 4.1, the finiteness of minimal models (Theorem 2.6)
and generalized rationality theorem (Theorem 3.2) play crucial roles.
STEP2: For any real number ε such that 0 < ε ≤ 1, it is easy to observe that Σl(X,∆+ εH) ⊇
Σl(X,∆ + εH)KX+∆+H<0. Therefore, as a byproduct of STEP1 (or Proposition 4.1), we
obtain that the set Σl(X,∆ + εH)KX+∆+H<0 of (KX + ∆ +H)-negative extremal rays of the
cone NE
l
(X,∆+ εH) is also finite. This finiteness implies the following (Corollary 4.2):
NE
l
(X,∆+ εH) = NE
l
(X,∆+ εH)KX+∆+H≥0 +
∑
Ri∈Σl(X,∆+εH)KX+∆+H<0
Ri.
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STEP3: The intersection of the above equality over all ε satisfying 0 < ε ≤ 1 gives⋂
0<ε≤1
NE
l
(X,∆+ εH) = NE
l
(X,∆)KX+∆+H≥0 +
∑
Ri∈Σl(X,∆)KX+∆+H<0
Ri.
Since the choice of the ample divisor H was arbitrary and
NE
l
(X,∆) =
⋂
0<ε≤1
NE
l
(X,∆+ εH),
we finally obtain the statement (1) of Theorem 1.3.
STEP4: For each ray Ri ∈ Σ
l(X,∆ + H), we can find an ample divisor Ai on X such that
Ri = NE
l
(X,∆ + H) ∩ {η ∈ N1(X)|η · (KX + ∆ +H + Ai) = 0}. Since the bounding divisor
KX + ∆ + H + Ai is pseudoeffective, if we run the MMP on (X,∆ +H + Ai) with scaling of
some large multiple of Ai, then we obtain a birational map ϕ : X 99K X
′ such that ϕ∗(KX +
∆+H+Ai) = KX′+∆
′+H ′+A′i is nef. The Cone Theorem implies that there exists a rational
curve C ′ on X ′ which is trivial with respect to KX′ +∆
′ +H ′ +A′i and its numerical pull back
to N1(X) spans the ray Ri. Hence, we obtain (3) of Theorem 1.3.
We remark first of all that in Theorem 1.2 and in our result (Theorem 1.3), the enlargement
of bNM
l
(X) by the half cone NE(X)KX+∆≥0 is necessary. Due to the enlargement, all the
(KX +∆)-negative extremal rays of NE
l
(X,∆) can be supported by the hyperplane of the form
{η|η · (KX + ∆ + H) = 0} for some ample divisor H. Thus we are able to run the MMP
with scaling on (X,∆ + H) assuming that the pair is klt. Without such enlargement, some
(KX +∆)-negative extremal rays of bNM
l
(X) can be only supported by the divisor of the form
KX +∆+B = 0 for a big divisor B. If this is the case, there is no guarantee that (X,∆+ B)
is klt or that we can run the MMP on the pair. Note also that the cone bNM
l
(X) for l ≥ 1 can
have circular boundary in the (KX +∆)-negative half space in general. See [L, Example 4.9] for
such example.
Lastly, we also remark that a slightly stronger version of Theorem 1.2 was proved by Batyrev in
[Bat] for terminal threefolds X with ∆ = 0 using the boundedness of terminal Fano threefolds.
See Remark 4.4 for details. The recent result on the conjecture of Borisov-Alexeev-Borisov
(BAB) by Birkar ([B1], [B2]) can be also applied to obtain a stronger structure theorem of
NE
0
(X,∆) in higher dimensions. See [A] for details. However, as of now, it is unclear what
kind of boundedness condition is needed to improve our result to the stronger form for the cases
0 < l < dimX.
In Section 2, we first recall some basic fact that we need in the subsequent sections. In Section
3, we give a generalization of the well known Rationality Theorem which will play crucial roles
in the proof of our main result. In Section 4, after collecting some more ingredients we complete
the proof of the main result (Theorem 1.2).
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2. Preliminaries
We work over an algebraically closed field of characteristic 0, e.g., the field C of complex
numbers. By a variety X, we mean a normal projective variety and divisors are always R-
divisors unless otherwise stated. A pair (X,∆) consists of a variety X and a divisor ∆ on X
such that KX +∆ is R-Cartier.
2.1. Minimal model program with scaling. We use the standard terminologies in the min-
imal model program (MMP), for example, as in [KM]. Below, we will recall some of them.
Definition 2.1 (Singularities of pairs). For a given pair (X,∆) with an effective divisor ∆ on
a variety X, let f : Y → X be a log resolution. Then we can write
KY = f
∗(KX +∆) +
∑
a(Ei;X,∆)Ei
for some prime divisors Ei on Y . The pair (X,∆) is said to have
(1) kawamata log terminal (klt) singularities if a(Ei;X,∆) > −1 for all i and
(2) log canonical (lc) singularities if a(Ei;X,∆) ≥ −1 for all i.
Definition 2.2. Let (X,∆) be a klt pair such that KX+∆ is pseudoeffective. Let ϕ : X 99K X
′
be a birational modification of X and let ∆′ = ϕ∗∆. The pair (X
′,∆′) is called a minimal model
of (X,∆) if
(1) (X ′,∆′) is a Q-factorial klt pair,
(2) KX′ +∆
′ is nef, and
(3) ϕ is (KX + ∆)-negative, that is, the inequality a(Ei;X,∆) ≤ a(Ei;X
′,∆′) holds for
all prime divisors Ei over X and it is strict for any prime divisor Ei on X which is
exceptional on X ′.
Let Amp1(X) be the ample cone and Amp1(X) the nef cone in N
1(X). Let E,D be divisors
on X such that E + rD is nef for some r ≥ 0. The following threshold will be useful below:
r1 = r1(E;D) := sup{t | E + tD ∈ Amp1(X)}.
(We will often call r1(E;D) the nef threshold.)
We explain how to run the minimal model program (with scaling) on a given Q-factorial klt
pair (X,∆). Let H be a divisor on X such that (X,∆+H) is klt and KX +∆+H is nef.
To run the minimal model program on (X,∆) with scaling of H, we find a sequence of
birational modifications of X as follows. If KX + ∆ is nef, then (X,∆) is already a minimal
model and there is nothing further to do. Thus we assume that KX + ∆ is not nef. Let
(X0,∆0) = (X,∆) andH0 = H. SinceKX0+∆0+H0 is nef, we have t0 := r1(H0;KX0+∆0) ≥ 1.
Therefore, (X0,∆0 +
1
t0
H0) is klt and KX0 + ∆0 +
1
t0
H0 is nef. Suppose that inductively for
i ≥ 1 we have obtained a (KXi−1 + ∆i−1)-negative birational map ϕi : Xi−1 99K Xi such that
(Xi,∆i) is a Q-factorial klt pair with ∆i = ϕi∗∆i−1. Suppose that we have also constructed a
divisor Hi on Xi such that ti := r1(Hi;KXi +∆i) ≥ 1.
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If KXi + ∆i is nef, then (Xi,∆i) is a minimal model. Thus we assume that KXi + ∆i is
not nef. By the Contraction Theorem ([KM, Theorem 3.7]), there exists a (KXi +∆i)-negative
extremal ray R in NE(Xi) which is trivial with respect to the nef divisor KXi + ∆i +
1
ti
Hi. If
the associated extremal contraction f : Xi → X
′
i is not birational, then f is called a Mori fibre
space and the MMP comes to an end. If f is birational, then it is either divisorial or small. If f
is a divisorial contraction, then we let ϕi+1 := f , (Xi+1,∆i+1) := (X
′
i, fi∗∆i) and Hi+1 := f∗Hi.
If f is small, we take a flip f+ : Xi 99K X
+
i over X
′
i which is uniquely associated to R. After
taking this flip, we denote ϕi+1 = f
+, (Xi+1,∆i+1) = (X
+
i , ϕi∗∆i) and Hi+1 := ϕ(i+1)∗Hi. In
either case, (Xi+1,∆i+1) is a Q-factorial klt pair and ti+1 = r1(Hi+1;KXi+1 +∆i+1) ≥ 1.
If ϕi : Xi−1 99K Xi are the birational maps obtained as above, their composition
(2.1) X = X0
ϕ1
//❴❴❴ X1
ϕ2
//❴❴❴ X2
ϕ3
//❴❴❴ · · ·
ϕi
//❴❴❴ Xi
ϕi+1
//❴❴❴ Xi+1 //❴❴❴ · · ·
is called the MMP on (X,∆) with scaling of H. The composition ϕi ◦ ϕi−1 ◦ · · · ◦ ϕ1 for any
i ≥ 1 is called a partial MMP. If, for some sufficiently large i > 0, the pair (Xi,∆i) is a minimal
model or a Mori fibre space of (X,∆) so that the process stops, then we say that the MMP with
scaling terminates.
Remark 2.3. By construction, it is easy to see that {ti}i≥0 is an increasing sequence
t0 ≤ t1 ≤ t2 ≤ · · · .
Note also that the difference ti+1 − ti can be expressed as the nef threshold
ti+1 − ti = r1(Ĥi+1;KXi+1 +∆i+1)
where Ĥi+1 := ϕi+1∗(Hi + ti(KXi +∆i)) is a nef divisor.
Theorem 2.4 ([BCHM]). Let (X,∆) be a Q-factorial klt pair with a big divisor ∆ on X. Then
the MMP on (X,∆) with scaling terminates.
We can also easily deduce the existence of a minimal model if KX +∆ is big.
Proposition 2.5. Let (X,∆) be a Q-factorial klt pair and E an effective divisor on X such
that (X,∆ + E) is klt and KX + ∆+ E is nef. Let ϕ : X 99K X
′ be the MMP on (X,∆) with
scaling of E, assuming that such MMP terminates. Then the following hold.
(1) For any sufficiently small ε > 0, ϕ is also the MMP on (X,∆ + εE) with scaling of
(1− ε)E.
(2) If SuppE ⊆ Supp∆, then ϕ is a partial MMP on (X,∆ − εE) with scaling of (1 + ε)E
for sufficiently small ε > 0.
Proof. (1) It is clear that the MMP on (X,∆+ εE) with scaling of (1− ε)E can be obtained as
a partial MMP on (X,∆) with scaling of E.
(2) Clear by the definition of the MMP with scaling. 
We will need the following result on the finiteness of the minimal models.
Theorem 2.6. Let (X,∆) be a Q-factorial klt pair and A an effective ample Q-divisor on X such
that (X,∆+A) is klt. For any effective ample divisor H such that (X,∆+A+H) is klt, there
exists a convex cone in WDiv(X)R whose relative interior U consists of ample divisors including
H and such that there are finitely many isomorphism classes of minimal models (X,∆′) for all
∆′ ∈ D where
D = {∆′ = ∆+A+H ′| H ′ ∈ U and (X,∆′) is klt}.
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We may assume that dimU = dimN1(X) and the image of U in N1(X) is an open subcone of
the ample cone Amp1(X).
Proof. Let ∆ =
∑m
i=1 di∆i where ∆i are prime divisors. Since H is ample, we can take a
set of effective ample Z-divisors {H1,H2, · · · ,Hρ} such that H is contained in the cone U =
⊕ρj=1R>0Hj. Since A is ample, we may also assume that A has no common prime components
with the divisors ∆1,∆2, · · · ,∆m,H1, · · · ,Hρ.
It is enough to prove that this open cone U satisfies the required property. Consider the
finite dimensional vector space L = {
∑m
i=1 ai∆i +
∑ρ
j=1 bjHj | ai, bj ∈ R} and the affine space
V = A + L. Then by [BCHM, Corollary 1.1.5], there are finitely many isomorphism classes of
minimal models of the pairs (X,∆′) for all ∆′ ∈ D′ where
D
′ = {∆′ ∈ V | (X,∆′) is klt }.
Since we have D ⊆ D′ by construction, the statement follows.
By taking the effective ample Z-divisors Hj such that {H1,H2, · · · ,Hρ} forms a basis of
N1(X), we may assume that U considered as a cone in N1(X) is an open subcone of the ample
cone Amp1(X). 
2.2. N1(X)R.
For a divisor D on X, let B+(D) be the augmented base locus which is defined as the stable
base locus SB(D−A) for some sufficiently small ample divisor A such that D−A is a Q-divisor.
Similarly, the diminished base locus B−(D) is defined as the union ∪ASB(D + A) for all ample
divisors A such that D + A are Q-divisors. By construction, B+(D) is always a Zariski closed
subset of X while B−(D) can be non-Zariski closed [J]. It is also well known that both B+(D)
and B−(D) depend only on the numerical class η = [D] in N
1(X)R.
Definition 2.7. Let l be an integer such that 1 ≤ l ≤ d = dimX. We define the l-ample cone
Ampl(X) in N
1(X) as
Ampl(X) := {η ∈ N
1(X) |dimB+(η) < l}.
It is clear that the 1-ample cone Amp1(X) is the ample cone Amp1(X) and the d-ample cone
Ampd(X) is the big cone which is denoted by Big(X). It is also easy to see that by Lemma 2.9
(1), the l-ample cone Ampl(X) is an open convex cone and satisfies Ampl(X) ⊆ Ampl′(X) for
l ≤ l′.
Let H be a divisor such that H ∈ Ampi(X) for some integer i such that 1 ≤ i ≤ d. For any
divisor D on X, we define the following threshold
ri(H;D) := sup{t ∈ R≥0 | H + tD ∈ Ampi(X)}.
Unless D ∈ Ampi(X), we have ri(D;H) < +∞. It is easy to see that 0 ≤ ri(H;D) ≤ ri+1(H;D)
since Ampi(X) ⊆ Ampi+1(X). The following statements are rather obvious, and we will use
them repeatedly.
Lemma 2.8. For a fixed integer i such that 1 ≤ i ≤ d = dimX, the following hold:
(1) Let D be a nef divisor and D′ be any divisor on X. Then r1(D;D
′) ≤ ri(D;D
′) and the
equality holds if and only if D + ri(D;D
′)D′ is nef.
(2) Let H ∈ Ampi(X) and F 6∈ Ampi(X). Then H + rF is not nef for any r > ri(H;F ).
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Proof. (1) Obvious.
(2) By definition, we have H + rF 6∈ Ampi(X) for any r > ri(H;F ). Since Nef(X) =
Amp1(X) ⊆ Ampi(X), clearly H + rF is not nef. 
Lemma 2.9. Let D,D′ be arbitrary divisors on X (that are not necessarily effective).
(1) B+(D) ⊇ B+(D + εD
′) for any sufficiently small ε > 0.
(2) Suppose that H is a nef divisor. Then B+(D+H) ⊆ B+(D) and B+(D) ⊆ B+(D−εH)
for any sufficiently small ε > 0.
Proof. (1) This is Corollary 1.6 of [ELMNP].
(2) First, we prove B+(D + H) ⊆ B+(D). We may assume that D is big. For a fixed ample
divisor A and a sufficiently small ε > 0, we have
B+(D +H) = B+(D − εA+H + εA) ⊆ B+(D − εA) ∪B+(H + εA) = B+(D − εA)
where B+(H + εA) = ∅ since H + εA is ample. Furthermore, since B+(D − εA) = B+(D),
we obtain the first inclusion. To prove the second inclusion, let ε > 0 be sufficiently small. If
0 < ε′ ≪ ε, then we have
B+(D − εH) ⊇ B+(D − εH − ε
′A)
= B+(D − (εH + ε
′A)) = B+(D).

Lemma 2.10. Let D be a divisor such that D ∈ ∂Ampl(X) for an integer l such that 1 ≤ l ≤
dimX. Then there exists an irreducible component V ⊆ B+(D) of dimension ≥ l such that
V 6⊆ B−(D).
Proof. Since Ampl(X) is an open cone, we have D 6∈ Ampl(X) and there exists an irreducible
component V ⊆ B+(D) such that dimV ≥ l. If V ⊆ B−(D), then there exists an ample divisor
A such that V ⊆ B−(D+A). Thus V ⊆ B+(D+A). However, since Amp1(X) ⊆ IntAmpl(X)
and A ∈ Amp1(X), we have D +A ∈ Ampl(X). This is a contradiction since V ⊆ B+(D +A).
Therefore, we must have V 6⊆ B−(D). 
2.3. N1(X)R.
Suppose that we are given a birational map ϕ : X 99K X ′ between Q-factorial normal pro-
jective varieties. Suppose also that ϕ−1 does not contract any divisors. Then the pull-back of
divisors define a linear map ϕ∗ : N1(X ′)→ N1(X) such that the composition ϕ∗◦ϕ
∗ : N1(X ′)→
N1(X ′) with the obvious push-forward linear map ϕ∗ : N
1(X) → N1(X ′) is the identity. For
the case of curves, since we cannot take the pull-back of curves freely, the similar pull-back
procedure for divisors just explained is not possible. We can only define them as a dual linear
map of ϕ∗ as follows.
Definition 2.11. Under the same notations as above, let ϕ∗ : N
1(X) → N1(X ′) be the linear
map defined by the push-forward of divisors. Then the numerical pull-back of curves ϕ∗1 :
N1(X
′)→ N1(X) is defined as the dual linear map of ϕ∗ : N
1(X)→ N1(X ′).
Note that for a given class η of N1(X), it is unclear in general how to find a curve on X
representing the class η. Even if we are able to do so, we find that such representation is rather
unexpected. For example, the numerical pull-back of an effective integral curve need not be
integral nor effective. See Examples 4.2 and 4.3 in [A] for details. Nonetheless, an advantage
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of the numerical pull-back ϕ∗1 is that at least in the situations we treat below, we can express a
class η ∈ N1(X) in terms of curves on some X
′ which is birational to X.
We will need the following result.
Theorem 2.12. Let (X,∆) be a Q-factorial klt pair. Assume that for an integer l such that
0 ≤ l < d = dimX, we have NE
l
(X,∆)KX+∆<0 6= ∅ (or equivalently, Σ
l(X,∆) 6= ∅). Then
KX +∆ 6∈ Ampd−l(X).
Proof. By [C, Theorem 4.3], we have NE
l
(X,∆) = NE(X)KX+∆≥0 + Ampd−l(X)
∨, where
Ampd−l(X)
∨ ⊆ N1(X) denotes the dual of the cone Ampd−l(X). If NE
l
(X,∆)KX+∆<0 6= ∅, then
this in particular implies that KX +∆ is negative on some part of the dual cone Ampd−l(X)
∨.
Therefore, we have KX +∆ 6∈ Ampd−l(X). 
If (X,∆) is a klt pair and R is a (KX + ∆)-negative extremal ray of NE
l
(X,∆), i.e., R ∈
Σl(X,∆), then by the expression
(2.2) NE
l
(X,∆) = NE(X)KX+∆≥0 +
∑
X99KX′
NM
l
(X,X ′)
and the discreteness of the rays in Σl(X,∆) (which we will prove below), R can be considered as
an extremal ray of NM
l
(X ′) for some small Q-factorial modification X 99K X ′. If the ray R as
an extremal ray of NM
l
(X ′) is spanned by a curve C ′ on X ′, then the ray R as an extremal ray
in Σl(X,∆) is spanned by the numerical pull-back ϕ∗1(C
′) of C ′ on X ′ by definition. Note also
that the small Q-factorial modifications ϕ : X 99K X ′ in the above expression can be realized as
the MMP on (X,∆) with scaling.
3. Generalized Rationality Theorem
In this section, we prove a generalization of the Rationality Theorem (Theorem 3.2). We
will present the result in the form which is suitable for our application using the finiteness of
minimal models (Theorem 2.6). Its immediate consequence is Proposition 4.1, which is the key
result used in STEP1 of the proof of Theorem 1.3 as in Introduction.
We first recall the following Rationality Theorem which played a crucial role in the proof of
the Cone Theorem (Theorem 1.1).
Theorem 3.1 (Rationality Theorem, [KM, Theorem 3.5]). Let (X,∆) be a Q-factorial klt pair
with an effective Q-divisor ∆ on X. Suppose that KX +∆ is not nef and let H be a nef and big
Cartier divisor. Then there is a constant M(X,∆) > 0 depending only on the pair (X,∆) such
that
r1(H;KX +∆) := sup{t ≥ 0|H + t(KX +∆) ∈ Amp1(X)}
is a rational number of the form α
β
for some positive integers α, β such that 0 < β < M(X,∆).
We will need a generalization of this result in the proof of our main result, Theorem 1.3.
For the cones R and V in Rρ, we denote R+ V := {r + v|r ∈ R, v ∈ V }.
Theorem 3.2. Let (X,∆ + A) be a Q-factorial klt pair with some effective Q-divisor ∆ and
effective ample Q-divisor A. Let l be a positive integer. Assume that KX +∆+A 6∈ Ampl(X).
Then for a Q-divisor H ∈ (R≥0[KX + ∆ + A] + Amp1(X)) ∩ Ampl(X), there exists an open
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convex cone U ⊆ Amp1(X) such that H ∈ (R≥0[KX + ∆+ A] + U) ∩ Ampl(X). Moreover for
any Weil divisor H ′ ∈ (R≥0[KX +∆+A] + U) ∩Ampl(X), the threshold
rl(H
′;KX +∆+A) = sup{t|H
′ + t(KX +∆+A) ∈ Ampl(X)}
is a rational number whose positive denominator can be bounded from above by some constant
M(U,X,∆ +A) depending only on the pair (X,∆+A) and U .
Proof. By the condition that H ∈ (R≥0[KX +∆+A]+Amp1(X))∩Ampl(X), there exists some
a ≥ 0 such that G0 := H −a(KX +∆+A) is ample. Moreover by taking s≫ 0, we may assume
that KX +∆+A+ sG0 is ample. For G := sG0, there exists some open subcone U ⊆ Amp1(X)
which satisfies the statements of Theorem 2.6. Note that these G0, s,G,U depend only on
H,X,∆+A. On the other hand, since U is a convex cone and H = a(KX +∆+A) +
1
s
G,
H ∈ R≥0[KX +∆+A] + U
holds. Moreover by shrinking U if necessary, we may assume that for a Z-divisorH ′ ∈ U , we have
some constant k = k(U,X,∆+A) > 0 such that KX +∆+A+ kH
′ is ample. This follows from
the fact X has only Q-factorial rational singularities and from the length of extremal rays [Ka].
Here, k dose not depend on H ′. By the equality of rl(kH
′;KX +∆+A) = krl(H
′;KX +∆+A),
we can replace H ′ with kH ′. Thus we may assume that KX +∆+A+H
′ is ample. Therefore
we have rl := rl(H
′;KX +∆+A) > 1.
Here we let ∆′ := ∆ + A + 1
rl
H ′, and S := (1 − 1
rl
)H ′. Now we run (KX + ∆
′)-MMP with
scaling of S:
X = X0
ϕ1
//❴❴❴ X1
ϕ2
//❴❴❴ X2
ϕ3
//❴❴❴ · · ·
ϕm
//❴❴❴ Xm.
In fact, this MMP is also (KX + ∆ + A)-MMP with scaling by H
′ and this MMP terminates
by [BCHM]. Now we use the same notations as in Subsection 2.1. By Remark 2.3, for i ≥ 0,
i.e. ti = r1(H
′
i;KXi +∆
′
i), where ∆i, Ai,H
′
i,∆
′
i, Si are strict transforms of ∆, A,H
′,∆′, S on Xi,
respectively. Set Di+1 := ϕi∗(H
′
i + ti(KXi +∆i +Ai)). Then we have
ti+1 − ti = r1(Di+1;KXi+1 +∆i+1 +Ai+1).
Now we will first show that for each i, the denominator of ti can be bounded from above
by some constant Mi = Mi(U,X,∆ + A) by induction on i. First of all, since r1(Di+1;KXi +
∆i + Ai) is a nef threshold, Theorem 3.1 implies that it is a rational number whose positive
denominator can be bounded from above by some constant Ni = Ni(X,∆ + A, ti−1). Since Xi
has only Q-factorial rational singularities, Theorem 2.6 and Theorem 3.1 imply that we may
take Ni = Ni(U,X,∆ + A, ti−1) = Ni(U,X,∆ + A) which depends only on the cone U and the
pair (X,∆ + A). Note also that the positive denominator of t0 = r1(H
′;KX + ∆) can be also
bounded from above by some constantM0 =M0(X,∆+A) since X has only Q-factorial rational
singularities.
To prove by induction, we assume that the denominator of ti−1 can be bounded from above by
some constant Mi−1 =Mi−1(U,X,∆+A). Then, by the equation
ti − ti−1 = r1(Di;KXi +∆i +Ai),
the denominator of ti can be also bounded by the constant Mi := Mi−1Ni which depends only
on the cone U and the pair (X,∆+A).
Next we compare tm−1 and rl. In general, it holds that rl ≥ tm−1. We will prove this first.
By Lemma 2.10, KX +∆+A+
1
rl
H ′ ∈ ∂Ampl implies that B+(KX +∆+A+
1
rl
H ′) has some
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irreducible component V of dimension ≥ l such that V 6⊆ B−(KX + ∆ + A +
1
rl
H ′). Thus an
MMP X 99K Xm is isomorphic at the generic point of V . Denote the strict transform of V on
X ′ by V ′. Then V ′ ⊆ B+(KXm + ∆m + Am +
1
rl
H ′m). Now by contradiction, we assume that
rl < tm−1. Then we have some a such that tm−1 ≫ a > rl and B−(KXm +∆m+Am +
1
a
H ′m) =
B+(KXm + ∆m + Am +
1
rl
H ′m). Thus by B−(KXm + ∆m + Am +
1
a
H ′m) ⊇ V
′, in particular
B−(KXm+∆m+Am+
1
a
H ′m) 6= ∅, i.e. KXm+∆m+Am+
1
a
H ′m is not nef. This is a contradiction
to the fact that KXm + ∆m + Am +
1
rl
H ′m and KXm + ∆m + Am +
1
tm−1
H ′m are nef. Thus we
can conclude that rl ≥ tm−1.
Since Theorem 3.2 is already proved when rl = tm−1, we may assume that rl > tm−1. Since
KXm +∆m +Am +
1
tm−1
H ′m is nef, by Lemma 2.10, KXm +∆m +Am +
1
rl
H ′m ∈ ∂Amp1 holds.
Thus
r1(KXm +∆m +Am, tm−1(KXm +∆m +Am) +H
′
m) = rl − tm−1
holds. By Theorem 2.6 and Theorem 3.1 together with the fact that Xi has only Q-factorial
rational singularities, the denominator of r1(KXm +∆m + Am, tm−1(KXm +∆m + Am) +H
′
m)
can be bounded from above by some constant M ′ = M ′(U,X,∆ + A). Therefore, once we let
M := M ′Mm−1, we finish the proof of Theorem 3.2. 
4. Proof of Theorem 1.3
In this section, we prove the statements (1),(2) and (3) of Theorem 1.3. The proofs will be
given at the end of the section after collecting the ingredients.
The following is the key result used in the proof.
Proposition 4.1. Let (X,∆) be a Q-factorial klt pair. Then for any ample divisor H on X,
the set Σl(X,∆+H) of (KX +∆+H)-negative extremal rays of NE
l
(X,∆+H) is finite.
The proof is a modification of the proof of the Cone Theorem (Theorem 1.1) into our general
situation.
Proof. First of all, since H is ample, we may assume that ∆ is a Q-divisor by slightly perturbing
∆ to a smaller effective Q-divisor ∆′ and adding the difference ∆−∆′ to H. Furthermore, since
we can find an ample Q-divisor H ′ such that Σl(X,∆ + H) ⊆ Σl(X,∆ + H ′), it is enough to
show the finiteness of Σl(X,∆+H ′). Thus we may also assume that H is a Q-divisor. Clearly,
we may still assume that (X,∆+H) is klt.
If Σl(X,∆+H) 6= ∅, then Theorem 2.12 implies that KX +∆+H 6∈ Ampd−l(X). Let L be
a Cartier divisor in (R≥0[KX +∆+H] + Amp1(X)) ∩ ∂Ampd−l(X). Then we have
FL 6⊆ NE
l
(X,∆)KX+∆+H≥0
where FL := bNM
l
(X) ∩ {η ∈ N1(X)| η · L = 0} is a non-trivial face of bNM
l
(X).
Our goal is to perturb L to a Cartier divisor L′ within (R≥0[KX + ∆ + H] + Amp1(X)) ∩
∂Ampd−l(X) so that FL′ ⊆ FL and dimFL′ = 1. If we already have dimFL = 1, then no
perturbation is necessary. Thus let us assume that dimFL > 1. We can find an ample Q-divisor
H ′ and an open subcone U ⊆ Amp1(X) containing H
′ such that there are finitely many minimal
models for the klt pairs (X,∆ + H + H ′′) for H ′′ ∈ U . Then by Proposition 3.2, there exists
a constant M(U,X,∆ + H) > 0 depending only on the pair (X,∆) and U such that for any
Z-divisor D ∈ (R>0[KX + ∆ + H] + U) ∩ Ampd−l(X), the threshold rl(D;KX + ∆ + H) is a
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rational number of the form α
β
for some positive integers α, β with 0 < β < M(U,X,∆ + H).
Take an ample Cartier divisor A ∈ U and consider the following sequence with n ∈ N,
rL(n,A) := rd−l(nL+A;KX +∆+H) = sup{t ∈ R≥0|nL+A+ t(KX +∆+H) ∈ Ampd−l(X)}.
Note that nL+A ∈ (R>0[KX +∆+H] + U) ∩Ampd−l(X). Since L ∈ Ampd−l(X), rL(n,A) is
non-decreasing as n increases. Note that rL(n,A) is also a sequence bounded above since
rL(n,A) ≤
(nL+A) · z
−(KX +∆+H) · z
=
A · z
−(KX +∆+H) · z
for any fixed z ∈ FL. Therefore, rL(n,A) stabilizes for all sufficiently large n > 0, i.e., there
exists n0 > 0 such that for all n ≥ n0, rL(n,A) = rL(n0, A). Denote this constant by rL(A) :=
rL(n0, A).
Note that by construction, L and L(A) := L(n0, A) = (n0 + 1)L+ A+ rL(A)(KX +∆+H)
are both in (R≥0[KX +∆+H]+Amp1(X))∩∂Ampd−l(X). Furthermore, by choosing a general
A ∈ U , we have FL(A) ⊆ FL and FL(A) 6⊆ NE
l
(X)KX+∆+H≥0.
Let {Ai ∈ U |i = 1, 2, · · · , ρ} where ρ := dimN
1(X)R be the set of general ample divisors in
U which forms a basis of N1(X)R. Then not all the hyperplanes {η| L(Ai) · η = 0} contain FL.
Thus there exists an ample divisor Ai such that 0 ( FL(Ai) ( FL. Consequently, we have
dimFL(Ai) < dimFL.
By induction on the dimension, we obtain a divisor L(A) ∈ (R≥0[KX +∆+H] + Amp1(X)) ∩
∂Ampd−l(X) such that FL(A) ⊆ FL and dimFL(A) = 1. The ray R := FL(A) is an element of
Σl(X,∆+H). Therefore, if we let Σ be the set of all the (KX +∆+H)-negative extremal rays
of NE
l
(X,∆ +H) that are of the form FL(A) for some L ∈ (R≥0[KX +∆ +H] + Amp1(X)) ∩
∂Ampd−l(X) and an ample divisor A in some open subcone U ⊆ Amp1(X) (associated with L),
then Σ ⊆ Σl(X,∆+H).
We next claim the following equality:
(4.1) NE
l
(X,∆+H) = NE(X)KX+∆+H≥0 +
∑
R∈Σ
R.
Since Σ ⊆ Σl(X,∆ + H) holds, the inclusion ⊇ holds in (4.1). If this inclusion is strict, there
exists an open subcone U ⊆ Amp1(X) such that for any ample divisor A ∈ U with rd−l :=
rd−l(A;KX +∆+H), A+ rd−l(KX +∆+H) is positive on the cone on the right hand side of
(4.1) except at the origin. Let L = A+ rd−l(KX +∆+H) for an ample Cartier divisor A ∈ U .
Then by arguing as above, we can find a general ample divisor A′ ∈ U such that dimFL(A′) = 1.
Thus R = FL(A′) is a ray in Σ
l(X,∆+H). This is a contradiction because its supporting divisor
L(A′) is positive on the cone NE
l
(X,∆+H) \ {0}.
Next we remove the closure in the last summation in (4.1) by showing that the rays in Σ has
no accumulation in the half space KX + ∆ + H < 0. Suppose that the rays in Σ accumulate
somewhere in KX + ∆ + H < 0. Then it implies that by considering the dual in N
1(X), for
some sufficiently small open subcone U ⊆ Amp1(X), there exists a convergent sequence of rays
of the form R = R>0[L(A)] for some L ∈ (R>0[KX + ∆ + H] + U) ∩ ∂Ampl(X) and A ∈ U .
Let ηR be the generator of the ray R. Choose ample Cartier divisors A
′
i (i = 1, · · · , ρ− 1) in U
which together with KX +∆+H form a basis of N
1(X). Let P(N1(X)) be the projectivization
of N1(X)R with respect to the basis {A
′
i| i = 1, 2, · · · , ρ − 1} ∪ {KX +∆+H}. Since the rays
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accumulate in the half space KX +∆+H < 0, they will also form an accumulation point in the
affine space V given by KX +∆+H < 0. However, the affine coordinate system
ηR ∈ V 7→
(
A′1 · ηR
(KX +∆+H) · ηR
,
A′2 · ηR
(KX +∆+H) · ηR
, · · · ,
A′ρ−1 · ηR
(KX +∆+H) · ηR
)
does not allow such accumulation since each
A′
i
·ηR
(KX+∆+H)·η
is a rational number of the form α
β
for
some integers α, β with 0 < β < M(X,∆+H,U) by Proposition 3.2. Thus we obtain
NE
l
(X,∆+H) = NE(X)KX+∆+H≥0 +
∑
R∈Σ
R.
This implies that the rays in Σl(X,∆+H) can only accumulate on the plane KX +∆+H = 0.
The finiteness of Σl(X,∆+H) can be seen as follows. Suppose that there are infinitely many
rays in Σl(X,∆ + H). Then the rays in Σl(X,∆ +H) can possibly accumulate either toward
the hyperplane KX +∆+H = 0 or somewhere in the half space KX +∆+H < 0. The latter
case cannot occur by what we have shown above. Thus assume that there is a sequence of
rays in Σl(X,∆ + H) which accumulate toward the hyperplane KX + ∆ + H = 0. Note that
for any sufficiently small ε > 0, we have Σl(X,∆ + H) ⊆ Σl(X,∆ + (1 − ε)H). Therefore,
if the rays of Σl(X,∆ + H) have an accumulation on KX + ∆ + H = 0, then it is also an
accumulation of the rays in Σl(X,∆+(1− ε)H). Furthermore, such accumulation is in the half
space KX +∆+ (1 − ε)H < 0. This is again a contradiction to what we proved above. 
Corollary 4.2. Let (X,∆) be a Q-factorial klt pair and H an ample divisor on X. Then for
any ε such that 0 < ε ≤ 1, the set Σl(X,∆+ εH)KX+∆+H<0 of (KX +∆+H)-negative extremal
rays of NE
l
(X,∆+H) is finite.
Proof. It follows from the inclusion Σl(X,∆ + εH) ⊇ Σl(X,∆ + εH)KX+∆+H<0 and the fact
that Σl(X,∆+ εH) is finite by Proposition 4.1. 
The following results explain where the rays of Σl(X,∆) can accumulate.
Proposition 4.3. Let H be an ample divisor on X. If 0 < ε ≤ ε′ ≤ 1, then we have
Σl(X,∆)KX+∆+H<0 ⊇ Σ
l(X,∆+ εH)KX+∆+H<0 ⊇ Σ
l(X,∆+ ε′H)KX+∆+H<0.
Furthermore, we have either
Σl(X,∆)KX+∆+H<0 =
⋃
0<ε≤1
Σl(X,∆+ εH)KX+∆+H<0
or
Σl(X,∆)KX+∆+H<0 =
⋃
0<ε≤1
Σl(X,∆+ εH)KX+∆+H<0
where the closure is defined by the following topology: Take some plane P such that P ∩
NE
l
(X,∆) is compact and for rays R,R′, ||R,R′|| := ||R∩P,R′∩P || gives the induced topology
on the set of extremal rays. Note that the topology is independent of the choice of P .
Proof. Note first the following:
NE
l
(X,∆) ⊆ NE
l
(X,∆+ εH) ⊆ NE
l
(X,∆+ ε′H).
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By collecting the (KX + ∆ + H)-negative extremal rays of these cones, we obtain the first
inclusions. (The smaller the ε > 0 is, the larger part of the cone bNM
l
(X) is exposed to the
boundary of the cone NE
l
(X,∆+ εH).) This immediately shows that
(4.2) Σl(X,∆)KX+∆+H<0 ⊇
⋃
0<ε≤1
Σl(X,∆+ εH)KX+∆+H<0.
Now suppose that the inclusion is strict and let R be a ray in Σl(X,∆)KX+∆+H<0 which is
not contained in
⋃
0<ε≤1Σ
l(X,∆+ εH)KX+∆+H<0. Then since R is a (KX +∆+H)-negative
extremal ray of NE
l
(X,∆), there exists a hyperplane F defined by the vanishing of a class
η ∈ N1(X) such that R = F ∩NE
l
(X,∆) and η is non-negative on NE(X)KX+∆≥0 \ {0}.
If η is positive on NE(X)KX+∆≥0\{0}, η is also positive on NE(X)KX+∆+ε′H≥0 \{0} for some
sufficiently small ε′ > 0. Since F = {η = 0} is still a supporting plane of NE
l
(X,∆+ε′H) for the
ray R, R is also a (KX +∆+H)-negative extremal ray of NE
l
(X,∆+ ε′H) for some sufficiently
small ε′ > 0, that is, R ∈ Σl(X,∆ + ε′H)KX+∆+H<0. Thus we have a contradiction and the
hyperplane F = {η = 0} must support both NE(X)KX+∆≥0 and bNM
l
(X) simultaneously.
By assumption, for any hyperplane F (ε) supporting both NE(X)KX+∆+εH≥0 and bNM
l
(X),
we have R 6⊆ F (ε) ∩ bNM
l
(X). However, by taking ε > 0 arbitrarily small, we can find a
(KX +∆+ εH)-negative extremal ray R
′ of the face F (ε)∩ bNM
l
(X) which is sufficiently close
to the ray R. Otherwise, there would be an open cone U ′ such that R is the only (KX+∆+H)-
negative extremal ray of NE
l
(X,∆) contained in U ′. This implies that NE
l
(X,∆) is rational
polyhedral locally at R. Therefore, we can find a hyperplane supporting NE
l
(X,∆) at R which
intersects the half cone NE(X)KX+∆≥0 only at the origin. This is a contradiction to what we
proved above about the supporting hyperplane F = {η = 0} of R.
Hence, R is a limit of the rays in ∪0<ε≤1Σ
l(X,∆+ εH)KX+∆+H<0 and we are done. 
Proof of (1) of Theorem 1.3. First of all, we have
NE
l
(X,∆+ εH) = NE
l
(X,∆+ εH)KX+∆+H≥0 +
∑
R∈Σl(X,∆+εH)KX+∆+H<0
R
where Σl(X,∆+ εH)KX+∆+H<0 is finite by Corollary 4.2. Thus we have⋂
0<ε≤1
NE
l
(X,∆ + εH) =
⋂
0<ε≤1
(
NE
l
(X,∆+ εH)KX+∆+H≥0 +
∑
R∈Σl(X,∆+εH)KX+∆+H<0
R
)
= NE
l
(X,∆)KX+∆+H≥0 +
∑
R
where the last summation under the closure is taken over the rays R in the union
⋃
0<ε≤1
Σl(X,∆+
εH)KX+∆+H<0. However, Proposition 4.3 implies that we can take the summation over the rays
in Σl(X,∆)KX+∆+H<0 and remove the closure. Furthermore, since
NE
l
(X,∆) =
⋂
0<ε≤1
NE
l
(X,∆+ εH),
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we have
NE
l
(X,∆) = NE
l
(X,∆)KX+∆+H≥0 +
∑
R∈Σl(X,∆)KX+∆+H<0
R.
Finally since the ample divisor H can be chosen arbitrarily small, we obtain
NE
l
(X,∆) = NE
l
(X,∆)KX+∆≥0 +
∑
R∈Σl(X,∆)
R.

Proof of (2) of Theorem 1.3. Since Σl(X,∆+H) is finite by Proposition 4.3, we have
NE
l
(X,∆+H) = NE
l
(X,∆+H)KX+∆+H≥0 +
∑
R∈Σl(X,∆+H)
R.

Note that the rays in Σl(X,∆)KX+∆+H<0 can possibly accumulate while the rays in Σ
l(X,∆+
H) are discrete since it is finite.
Proof of (3) of Theorem 1.3. Let H be an ample divisor. Assume that Σl(X,∆ +H) 6= ∅ and
let R ∈ Σl(X,∆+H). If l = 0, then it follows from [A]. Thus we assume below that l > 0. By
the proof of Proposition 4.1, R is of the form R = FD := bNM
l
(X) ∩ {η ∈ N1(X)|η · D = 0}
for some Q-divisor D ∈ (R≥0[KX + ∆ + H] + Amp1(X)) ∩ ∂Ampd−l(X). (See the proof of
Proposition 4.1 for the precise description of D.) Thus we can find an ample Q-divisor G such
that D = KX +∆+H +G and we may assume that (X,∆+H +G) is klt.
By (2.2), there exists a small Q-factorial modification ϕ : X 99K X ′ such that R is an extremal
ray of NM
l
(X,X ′). This map ϕ can be obtained by running the MMP on (X,∆ + H + G)
with scaling of aG for a > 0 where we may assume that (X,∆ + H + (1 + a)G) is klt and
KX +∆+H + (a+1)G is ample. By [BCHM], this MMP terminates and we have a nef divisor
D′ := ϕ∗(KX + ∆ + H + G) = KX′ + ∆
′ + H ′ + G′. We have R = NM
l
(X,X ′) ∩ ϕ∗{η ∈
N1(X
′)|η · D′ = 0}. If we consider R as a ray in N1(X
′), then since D′ is nef, R is also an
extremal ray of the Mori cone NE(X ′). Furthermore, it is (KX′ +∆
′+H ′)-negative. Therefore,
R as a (KX′ +∆
′+H ′)-negative extremal ray of NE(X ′) in N1(X
′), it is spanned by a rational
curve C ′ on X ′. Thus the ray R as a ray in N1(X) is spanned by the numerical pull back of the
rational curve C ′ 
We note that the statement (3) does not say anything about the limit of the rays in Σl(X,∆)
contained in the hyperplane supporting both cones NE(X)KX+∆≥0 and bNM
l
(X). This is
analogous to the case of the Cone Theorem. The limit of the (KX +∆)-negative extremal rays
of NE(X) is (KX +∆)-trivial and is not guaranteed to be spanned by a rational curve.
Remark 4.4. In [Bat], Batyrev proved that for a Q-factorial terminal threefold X (with ∆ = 0)
and any ample divisor A on X, there exists a finite subset Σ′ ⊆ Σ0(X, 0) of (KX +A)-negative
extremal rays such that
NE
0
(X, 0) = NE
0
(X, 0)KX+A≥0 +
∑
R∈Σ′
R.
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This implies that as in the Cone Theorem, the extremal rays in Σ0(X, 0) can only accumulate to-
ward the planeKX = 0. Note that this result is slightly stronger than Theorem 1.2 (or our result
Theorem 1.3 for the case l = 0) which allows an accumulation of the KX -negative extremal rays
of NE
0
(X, 0) away from the hyperplane KX = 0. Batyrev’s proof is based on the boundedness
of terminal Fano threefolds. As is well known, a far more general boundedness result (known
as Borisov-Alexeev-Borisov Conjecture) has been proved recently by Birkar [B1],[B2] and this
result can be applied to obtain a similar statement for Q-factorial klt pairs. See also [L, Section
6.]. It is interesting to ask whether the same holds for the rays in Σl(X,∆) for a Q-factorial klt
pair (X,∆) and for all l = 0, 1, 2, · · · ,dimX − 1: for any ample divisor A on X,
NE
l
(X,∆) = NE
l
(X,∆)KX+∆+A≥0 +
∑
R∈Σ′′
R
where Σ′′ is a finite subset of Σl(X,∆). Note that since the case where l = dimX−1 corresponds
to the Cone Theorem, we are left to verify the cases l = 1, 2, · · · ,dimX − 2.
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